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Abstract
The Hamiltonian formalism of Einstein–Cartan (EC) gravity is a starting point
for canonical quantum gravity. The existing formalisms are at most Lorentz covari-
ant, or diffeomorphism covariant. Here we analyze the Hamiltonian EC gravity in a
5d covariant way, with the gauge group being the de Sitter (dS) group, which unifies
the Lorentz transformations and translation in an elegant manner, and also coin-
cides with the acceleration of the universe. We reformulate the EC equations into
a dS-covariant form, then find out the dS-covariant constraints of the phase space,
and make all the constraint functions constitute a closed algebra by constructing a
dS-invariant Dirac bracket, for the purpose of quantization.
PACS numbers: 04.20.Fy, 04.60.Ds, 04.90.+e
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1 Introduction
In search of a quantum theory of gravity, generally one should start from a classical theory
and then quantize it. As the simplest classical theory of gravity, Einstein’s general rela-
tivity (GR) is unnatural in the viewpoint of a gauge theory, since the Lorentz connection
as the gauge potential is not an independent variable. By including spacetime torsion,
the Lorentz connection becomes independent, then one obtains the Einstein–Cartan (EC)
theory of gravity [1].
The EC gravity is usually interpreted as a Poincare´ gauge theory of gravity, in which
the gauge transformations are the Lorentz and diffeomorphism transformations, acting on
the Lorentz connection and co-tetrad field [2, 3]. But there exist alternative interpreta-
tions, where the Lorentz connection and co-tetrad field are combined into a 5d connection,
valued at the Poincare´/de Sitter/anti-de Sitter (P/dS/AdS) algebra [4–7]. Then the gauge
transformations consist of the P/dS/AdS and diffeomorphism transformations, acting on
the 5d connection and a 5d vector field ξA. Actually, ξA constitutes a system of local 5d
Minkowski coordinates, named the local inertial coordinates (LIC) [5, 8].
In this formulation, there exist some gauges in which the 5d connection reduces to the
Lorentz connection and co-tetrad field. These gauges constitute a Lorentz subgroup of
the P/dS/AdS symmetry. Also, matter fields in the standard model of particle physics
are described by representations of the Lorentz group, other than the complete P/dS/AdS
group. For these reasons, it is argued that the 5d connection should be projected into a
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Cartan connection, with the Lorentz group as the stability subgroup [5, 7, 9]. Note that
the Cartan connection transforms nonlinearly under the complete gauge group, and so
the corresponding formalism is called nonlinear realization [10].
However, the P/dS/AdS symmetry remains the true symmetry for gravitation. Ac-
cordingly, the original linearly realized formulation [11–14] is more fundamental than the
nonlinear realization. Besides, the linear realization is able to include those matter fields
transforming under the full representations of the P/dS/AdS group [15, 16]. Such new
matter fields might be responsible for new physics [17, 18].
Moreover, among the P, dS and AdS groups, the dS group seems to be the best choice
for gravity. Firstly, the dS/AdS group provides an elegant unification of the Lorentz
transformations and translation, resulting in a 5d covariant theory. For example, the
energy-momentum conservation and angular momentum conservation can be united into a
5d covariant conservation in the dS/AdS gravity [18]. Secondly, the dS group is consistent
with the asymptotic symmetry of the expanding universe.
In this paper, the EC gravity is analyzed in the linearly realized formalism, with the
dS group as the gauge group. It is shown that the field equations, consisting of the
Einstein equation and Cartan equation, can be united into a 5d covariant equation. Then
we go on to the Hamiltonian formalism. Making use of the Legendre transformation,
the configuration tangent bundle is transformed into the phase space. Next, with the
help of the Arnowitt–Deser–Misner (ADM) decomposition, we find out the first class
constraints which generate the dS and diffeomorphism transformations on the constraint
surface. Furthermore, the Poisson bracket is modified into a Dirac bracket, such that all
the second class constraints become first class, and so all the constraint functions form
a closed Poisson algebra. The work paves the way for the canonical quantization of the
dS-covariant theory of gravity.
The paper is organized as follows. In section 2, the EC gravity is formulated in a
dS-covariant way. In section 3, the Hamiltonian formalism of the theory is calculated. In
section 4, we give some remarks on the linear realization.
Here are the conventions to be used. The Greek letters µ, ν . . . label the spacetime
indices and take the values t, a, being lowered or raised by the metric gµν or its inverse.
The Latin letters a, b . . . label the spatial indices and run over x, y, z. Also, the Latin
letters A,B . . . refer to the SO(1, 4) indices and take the values 0, 1 · · ·4, being lowered
or raised by ηAB = diag(−1, 1 · · ·1) or its inverse. The Greek letters α, β . . . refer to the
SO(1, 3) indices and run over 0, 1 · · ·3, being lowered or raised by ηαβ = diag(−1, 1 · · ·1)
or its inverse.
2 EC gravity as dS gravity
2.1 dS gravity from gauge principle
The dS gravity is a gauge theory of the dS group. In the gauge theory, a global symmetry
is localized by introducing a gauge field. For the present case, the global symmetry is
the dS group SO(1, 4). Let us start from a classical matter field with both the global dS
invariance and the diffeomorphism invariance. Its action integral reads
SM =
∫
Ω
d4xLM
√−g, LM = LM(ψ, ∂µψ, c.c., ξA, ∂µξA), (1)
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where Ω is an arbitrary domain of the dS spacetime Ml, {xµ} is an arbitrary coordinate
system on Ω, g is the determinant of the dS metric gµν , ψ is the matter field, and ξ
A is
the radius vector field of Ml, viewed in the 5d ambient Minkowski space, and subject to
the condition ηABξ
AξB = l2. Note that gµν is considered as a functional of ξ
A:
gµν = ηAB(∂µξ
A)(∂νξ
B), (2)
and so SM is a functional of ψ and ξ
A. The conservation law with respect to the dS and
diffeomorphism symmetries of this theory is discussed in Ref. [19]. In order to localize
the dS symmetry, introduce a dS connection ΩABµ and change the ordinary derivative ∂µ
to be a covariant derivative Dµ, e.g., Dµξ
A = ∂µξ
A + ΩABµξ
B. It follows that [4, 5]
gµν = ηAB(Dµξ
A)(Dνξ
B). (3)
Consider the gauges with ξα = 0, ξ4 = l. For any dS transformation given by the group
element hAB ∈ SO(1, 4), ξA transforms to hABξB. To preserve the gauge condition, there
should be hαβ ∈ SO(1, 3), hα4 = h4α = 0, and h44 = 1. For this reason, we call the gauges
the Lorentz gauges. Then Eq. (3) reduces to gµν = ηαβ(Dµξ
α)(Dνξ
β), implying that Dµξ
α
is an orthonormal co-tetrad field, denoted by eαµ. Moreover, note that Dµξ
α = Ωα4µ · l,
and thus Ωα4µ = l
−1eαµ. Also, the geometrical meaning of Ω
α
βµ can be read off from its
transformation property: it is just a Lorentz connection, denoted by Γαβµ. In conclusion,
in the Lorentz gauges, the dS connection [4, 7]
ΩABµ =
(
Γαβµ l
−1eαµ
−l−1eβµ 0
)
. (4)
It is derived from the gauge principle, other than being defined ad hoc. To complete the
construction of dS gravity, introduce the action integral of the gravitational field:
SG =
∫
Ω
d4xLG
√−g, LG = LG(ξA, DµξA,FABµν), (5)
where FABµν = dµΩABν + ΩACµ ∧ ΩCBν is the dS curvature. Define S = SM + κSG and
the variational derivatives VAB
µ, VA by δS =
∫
Ω
d4x (VAB
µ δΩABµ+ VA δξ
A)
√−g, where κ
is the coupling constant, and VA ξ
A ≡ 0, because δξA is constrained by ξAξA = l2. Then
the gravitational field equations consist of VAB
µ = 0 and VA = 0. Also, the conservation
law with respect to the local dS symmetry and diffeomorphism symmetry is discussed in
Ref. [18]. With the help of this, we have
VAB
µ = τAB
µ + Σν
µDνξ[A · ξB], (6)
VA = VBC
νDµξA · FBCνµ, (7)
where τAB
µ = (∂L /∂Dµψ)TABψ + c.c.+ 2Dν∂L /∂FABµν is the dS spin current, Σνµ =
−(∂L /∂Dµψ)Dνψ+c.c.−2(∂L /∂FABµσ)FABνσ+L δµν is the energy-momentum tensor,
L = LM+κLG, and TAB are representations of the dS generators. In the special relativity
limit with FABµν = 0, VA = 0 holds automatically. In the general theory of dS gravity,
VA = 0 as long as VAB
µ = 0. Hence, the gravitational field equation is only given by
VAB
µ ≡ δS/δΩABµ = 0.
3
2.2 EC theory of gravity revisited
So far the gravitational Lagrangian function (5) is rather arbitrary. To recover the EC
gravity (with a cosmological constant), put LG = R− 2Λ, where R = Rαβµνeαµeβν is the
trace of the Lorentz curvature Rαβµν = dµΓ
α
βν + Γ
α
γµ ∧ Γγβν , and Λ = 3/l2. Making use
of Eq. (4), in the Lorentz gauges,
FABµν =
(
Rαβµν − l−2eαµ ∧ eβν l−1Sαµν
−l−1Sβµν 0
)
(8)
(c.f. [4, 7]), where Sαµν = dµe
α
ν + Γ
α
βµ ∧ eβν is the torsion 1-form. Then the EC
Lagrangian function can be rewritten by
R− 2Λ = FABµν(DµξA)(DνξB) + 2Λ, (9)
which is dS invariant, and so valid in any gauge. Now the field equation reads
GµνD
νξA ∧ ξB −Dν(DµξA ∧DνξB) = κ−1JABµ, (10)
where the first term on the left hand side corresponds to the 5d (orbital) angular mo-
mentum current, containing the Einstein tensor Gµν = Rµν − 12Rgµν ; the second term
corresponds to the 5d spin current, containing the torsion and the cosmological con-
stant; and JAB
µ = δSM/δΩ
AB
µ is the material current. Moreover, define the effec-
tive energy-momentum tensor Eνµ = JABµ(DνξA)(2ξB/l2), and the spin tensor τνσµ =
JAB
µ(Dνξ
A)(Dσξ
B). Then the standard form of the EC equations [1–3] can be recovered
from Eq. (10): Rµν − 12Rδµν + Λδµν = (2κ)−1Eνµ, Sµνσ + 2 δµ[νSρσ]ρ = −κ−1τνσµ.
3 dS-covariant Hamiltonian formalism
3.1 Consistent constraint surface
To perform the Hamiltonian analysis, suppose that the spacetime region Ω has a 3+1
decomposition Ω = Σ×I, where Σ is a spacelike submanifold, and I is an open interval on
the real line. Define the Lagrangian functional L =
∫
Σ
d3xL[q, v], where the Lagrangian
density L = (R − 2Λ)√−g, the configuration q = yµ,ΩABµ, and the velocity v = q˙ ≡
∂q/∂t. Here yµ = yµ(x) is a parametrization of the constrained vector field ξA(x), such
that ξA(x) = ξA(yµ(x)).
Moreover, one can calculate δL/δy˙µ = −2GtνDνξA(∂ξA/∂yµ)√−g, and δL/δΩ˙ABµ =
(DtξA∧DµξB)√−g. Although not explicit, it can be shown that neither of them depends
on v, leading to two primary constraints:
φµ = πµ + 2G
tνDνξA(∂ξ
A/∂yµ)
√−g, (11)
φAB
µ = πAB
µ − (DtξA ∧DµξB)
√−g, (12)
where the momenta p = πµ, πAB
µ are viewed as new variables. Then the Hamiltonian
functional can be written down: H =
∫
Σ
d3xH[q, p, v], in which the Hamiltonian density
H = p · v − L. The consistency condition of a constraint is that its evolution according
to the Hamiltonian equations q˙ = δH/δp and p˙ = −δH/δq is equal to zero. For the
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primary constraints (11)–(12), the consistency conditions lead to two things: The first
is the solution of Ω˙ABa, as a functional of q and y˙
µ; and the second is the secondary
constraint CAB. The results are as below:
Ω˙ABa = DaΩ
AB
t − l−2DtξA ∧DaξB +Rtabc(DbξA)(DcξB)
+(gtt)−1DtξA ∧DbξB(Λ gab −Rcacb −Rtbca gct), (13)
CAB = −(Gtν + Λ δtν)DνξA ∧ ξB
√−g + T tνσ(DνξA)(DσξB)
√−g, (14)
where T σµν = S
σ
µν + 2δ
σ
[µSν], Sσ = S
ν
σν . In virtue of the Bianchi identity D[σFABµν] =
0, it can be verified that the secondary constraint is consistent already. Consequently,
the consistent constraint surface of the phase space P is given by the vanishing of the
constraints (11)–(12) and (14).
3.2 First-class constraints and symmetries
Next, we shall recombine the above constraints into two classes. A function F [q, p] of the
constrained phase space is called first class, if for any constraint φ, the Poisson bracket
{F, φ} ≈ 0, i.e., {F, φ} vanishes on the constraint surface. Otherwise, F is called second
class. Here the Poisson bracket is defined by these fundamental relations:
{yµ(~x), πν(~z)} = δµν δ(~x− ~z), (15)
{ΩABµ(~x), πCDν(~z)} = δ[AC δB]D δνµ δ(~x− ~z), (16)
where ~x, ~z denote the points on the spatial surface Σ.
The first class constraints can be obtained by analyzing the first-class Hamiltonian,
which is defined by inserting the velocity solution (13) into the original Hamiltonian:
H1[q, p, v1] ≡ H [q, p, v1, v2[q, p, v1]], where v1 = y˙µ, Ω˙ABt are the unsolvable velocities as
free parameters, and v2 = Ω˙
AB
a is the solvable velocity with the solution v2[q, p, v1] =
v2[q, v1] given by Eq. (13). The consistency of any constraint φ implies that {φ,H1} ≈ 0,
and so H1 is a first-class function of P. Actually, H1 is a first-class constraint. To see
this, first notice that
H1[q, p, v1] = H [q, p] +
∫
Σ
d3x (φ1 v1 + φ2 v2[q, v1]), (17)
where H [q, p] ≡ H [q, p, 0], φ1 = φµ, φABt, and φ2 = φABa. Then it suffices to show that
H [q, p] ≈ 0. By definition, H [q, p] = −L[q, 0]. With the help of the Noether identity
(∂L/∂DµξA)DνξA + 2(∂L/∂FABµσ)FABνσ = L δµν with respect to the diffeomorphism
invariance [18], it follows that L[q, 0] =
∫
Σ
d3x δL/δΩABt · ΩABt. Moreover, in virtue of
CAB = δL/δΩ
AB
t, we have
H [q, p] = −
∫
Σ
d3xCAB Ω
AB
t ≈ 0, (18)
and hence H1 is a first-class constraint. In H1 given by Eqs. (17)–(18), there are two sets
of free parameters: ΩABt and v1, which correspond to two sets of first-class constraints.
To find out these constraints, it is convenient to use the ADM decomposition [20] of the
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time direction basis vector: (∂t)
µ = Nnµ+Nµ, where N is named the lapse function, Nµ
is named the shift vector, which is tangent to Σ, and nµ is normal to Σ, with nµnµ = −1.
Accordingly, Dtξ
A can be decomposed as
Dtξ
A = ND⊥ξ
A +NaDaξ
A, (19)
where D⊥ξ
A = nµDµξ
A can be solved as the functions of Daξ
A. Note that y˙µ = ∂yµ/∂ξA ·
ξ˙A = (∂yµ/∂ξA)(ND⊥ξ
A + NaDaξ
A − ΩABtξB), and so the free parameters y˙µ can be
replaced by N and Na. Putting this replacement into Eq. (17) results in H1[q, p, v1] =∫
Σ
d3x (NH˜⊥+NdH˜d+Ω˙ABt φABt+ΩABtH˜AB), where H˜⊥ = φAD⊥ξA+φABaFAB⊥a, H˜d =
φADdξ
A+φAB
aFABda, H˜AB = −DaπABa−π[A ξB], FAB⊥a = FABµanµ, πA = πµ ∂yµ/∂ξA,
and likewise, φA = φµ ∂y
µ/∂ξA.
It can be shown that the constraints H˜⊥, H˜d, H˜AB, and φABt do not depend on the
free parameters N,Nd, Ω˙ABt, and Ω
AB
t, and so they are first-class constraints according
to the above-mentioned expression for H1. Further, the spatial contractions in H˜⊥, H˜d,
and H˜AB can be replaced by space-time contractions by including φABt into the original
expressions, leading to
H⊥ = φAD⊥ξA + φABµFAB⊥µ, (20)
Hd = φADdξA + φABµFABdµ, (21)
HAB = −DµπABµ − π[A ξB], (22)
all of which are first-class constraints again. They are called the lapse, shift, and dS con-
straints, respectively. As will be seen, these constraints represent the normal/tangential
diffeomorphism invariance, and dS invariance of the system.
Generally, the symmetry transformation of P is defined by
ξA → gAB φ∗ξB, (23)
ΩABµ → gAC φ∗ΩCDµ (g−1)DB + gAC ∂µ(g−1)CB, (24)
πA → φ∗πB (g−1)BA det(∂φ∗xν/∂xσ), (25)
πAB
µ → φ∗πCDµ (g−1)CA (g−1)DB det(∂φ∗xν/∂xσ), (26)
where gAB is an SO(1, 4)-valued function, and φ∗ is the pushforward by a diffeomorphism
transformation φ. Vary gAB and φ to give the one-parameter local groups (gλ)
A
B and φλ
with the parameter λ. Differentiation of Eqs. (23)–(26) with respect to λ gives rise to
the infinitesimal transformation:
δξA = AABξ
B − LvξA, (27)
δΩABµ = −DµAAB − LvΩABµ, (28)
δπA = −πBABA − LvπA − πA∂νvν , (29)
δπAB
µ = −πCBµACA − πACµACB
−LvπABµ − πABµ∂νvν , (30)
where AAB = ∂/∂λ|λ=0 (gλ)AB, v|x = ∂/∂λ|λ=0 (φλx), and Lv is the Lie derivative along v,
e.g., LvπAB
µ = vν∂νπAB
µ − πABν∂νvµ. In the above transformation, putting v = 0 yields
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the dS transformation δA, while putting A
A
B = −ΩABµvµ yields the dS-invariant diffeo-
morphism δv [18]. These transformations can be generated by the first-class constraints
(20)–(22) in the following way. Firstly, a function F of the constrained phase space is
said to be generating a symmetry, if its Hamiltonian vector field χF ≡ {F, ·} generates a
symmetry. Secondly, define the distributional quantities corresponding to the constraints
(20)–(22): H(N) =
∫
Σ
d3xNH⊥, H( ~N) =
∫
Σ
d3xNaHa, and H(Ω) =
∫
Σ
d3xΩABHAB,
where ~N stands for Na, and Ω = ΩAB is an so(1, 4)-valued function. It follows that
{H(N), ·} ≈ δNn, {H( ~N), ·} ≈ δ ~N , {H(Ω), ·} ≈ δΩ, (31)
where Nn is short for Nnµ. They show that the distributional lapse/shift and dS con-
straints generate the normal/tangential diffeomorphism and dS transformations of the
constraint surface, respectively. Also, notice that the inclusion of φAB
t in Eqs. (20)–(22)
is necessary for the validity of Eq. (31) acting on ΩABt.
3.3 Second-class constraints and Dirac bracket
According to Dirac’s quantization procedure, the constraints are solved after they are
quantized, resulting in a physical Hilbert space. When acting on this Hilbert space, the
constraint operators as well as their commutators give zero, and hence the constraint
algebra should be closed under the Poisson/Lie bracket [21, 22].
The constraints of EC gravity (11)–(12) and (14) can be recombined into the first-
class H⊥,Hd,HAB, φABt and the second-class φABa. Because of the existence of second-
class constraints, they do not form a closed algebra. To get rid of the second-class con-
straints, first find out the independent components of them, which would not become
first class after some combinations. Let us assume that C ≡ CABc φABc is first class,
then {C, φABa} ≈ 0. In virtue of {φABa(~x), φCDb(~z)} = {(2 ∂2L/∂FCDtb ∂Daξ[A) ξB] −
(2 ∂2L/∂FABta ∂Dbξ[C) ξD]} δ(~x − ~z), one have CABc = (Mabc + M [aδb]c)(DaξA)(DbξB),
where Mabc is an arbitrary tensor antisymmetric in the ab indices, and M
a = M cac. Then
the independent second-class constraints can be taken by φI = φtd
b,M [aδb]c φab
c, φµ4
b,
where φµν
c ≡ φABc(DµξA)(DνξB) and φµ4b ≡ φABb(DµξA) ξB. Equivalently, we may set
φI = φtd
b, φad
a, φµ4
b, where the arbitrary Ma is eliminated.
Secondly, modify the Poisson bracket into the Dirac bracket as below:
{F, F ′}D = {F, F ′}+
∫
Σ
d3xCIJ(~x){φI(~x), F}{φJ(~x), F ′}, (32)
where F, F ′ are functions of the phase space P, and CIJ(~x) is antisymmetric, subject to
CIJ(~x){φJ(~x), φK(~z)} ≈ δIKδ(~x − ~z). The definition is a generalization of the original
Dirac bracket [21] from finite degrees to infinite degrees of freedom. For any first-class
constraint φ, {φ, ·}D ≈ {φ, ·}, and thus it is still first class under the new bracket. On the
other hand, {φI , ·}D ≈ 0, and thus the second-class constraints become first class now.
To conclude, as long as the CIJ(~x) is solved, all the second-class constraints disappear,
then the constraint algebra becomes closed. For the solution of CIJ(~x), its existence is
supported by the independence of the components of φI . Specifically, the solution is
Ctdb
µ4
a = (l
−2/
√−g) · (δdb δµa − 2 δda δµb), (33)
Cada
µ4
b = (l
−2/
√−g) δdb δµt, (34)
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and other independent components being equal to zero. To rewrite the Dirac bracket in
a manifestly dS-invariant way, define CABa
CD
b φAB
a φCD
b ≡ Ctdaµ4b φtda φµ4b + Cadaµ4b ·
φad
a φµ4
b, and CABa
CD
b = −CBAaCDb = −CABaDCb. Then one can derive
CABa
CD
b = (l
−2/
√−g) · (Daξ[ADbξB]Dtξ[C · ξD]+
Dtξ
[ADaξ
B]Dbξ
[C · ξD]+
2Dbξ
[ADtξ
B]Daξ
[C · ξD]) , (35)
{F, F ′}D = {F, F ′}+
∫
Σ
d3x
(
CABa
CD
b(~x){φABa(~x), F}{φCDb(~x), F ′} − F ↔ F ′
)
, (36)
which are dS covariant as expected.
4 Remarks
The present work contributes to the dS-covariant generalization of the Hamiltonian EC
gravity. In the Lorentz gauges, our results coincide with those in the Lorentz-covariant
formalism [23, 24]. The physical effect associated with our formalism lies in the dS spin,
which appears in the gravitational field equation (10). For the geometrical part, the dS
spin contains the torsion and the cosmological constant. For the material part, it is a 5d
generalization of the Lorentz spin, and should be analyzed in the context of a quantum
theory, as well as its semiclassical limit.
The linearly realized formulation also helps us to distinguish translation and diffeo-
morphism. In this formulation, they are different by definition, with different features as
follows. Firstly, the diffeomorphism symmetry is a fundamental symmetry, which does not
correspond to any conservation law directly. In fact, the energy-momentum conservation
results from both the translation and diffeomorphism invariance, and likewise, the angu-
lar momentum conservation results from both the Lorentz and diffeomorphism invariance
[8]. Secondly, the distributional dS constraint satisfies {H(Ω), H(Ω′)} = −H([Ω,Ω′]),
indicating that the localization of the dS group does not deform the dS algebra, including
the translation algebra embedded in it. On the other hand, the diffeomorphism algebra
deforms the translation algebra, see, e.g. Ref. [25].
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